If X is any set and *X is a nonstandard extension of X then a topology on X can be described by a relationship of "infinitely close" on some points of *X (see [9] , [13] , [14] ). If X is a topological space, x E X and y E *X we say y is infinitely close to JC, written y ~ JC oryEμ(x), provided for every standard open set 0 if x E € then y6*(?. In this case x is called the standard part of y, denoted x = St(y). If A is an internal subset of *X, let St (A) = {x E X \ μ (x) Π A ^ 0}. Under suitable conditions on *X St(A) is always closed. Now, if A, BE*X, Narens defines A ~ B provided St(A) = St(B). He uses this relationship to define a topology which he calls the compact topology. In the present paper we will call this same topology the N-compact topology. Although the relationship ~ provides a definition of the N-compact topology, it is important for a full understanding of this topology to obtain a description of the actual monads for this topology (see [14] , for an elucidation of this point).
The first part of this paper is devoted to the investigation of the N-compact topology and a closely related topology we call the 5-compact topology. With either of these topologies Γ is compact and the one point compactification of X is embedded as a closed subset of Γ by the mapping x -»{x} with °° corresponding to 0 E Γ. When X is locally compact, the S-compact and N-compact topologies are identical, both are Hausdorff, and the monad, μ(F), of a point FE Γ is given by μ(F) = {HE*Γ|F~H}. When X is not locally compact the Scompact and N-compact topologies may be different, neither is Hausdorff and neither monad is given by {H E *Γ|F~ H}. The 5-compact topology has a good standard as well as a good nonstandard characterization.
The technique Narens has developed suggests several different topologies on Γ. In the second section we use this technique to obtain a nice description of the Vietoris topology. This description elucidates some of the properties of the Vietoris topology. In the third section of the paper we define a new topology, called the fine topology on Γ. This topology has many nice properties and, in particular, may be regarded in some sense as the analog in the topological category of the Hausdorff metric (see Theorem III.8) .
Throughout this paper, X, Y and Z will always denote Hausdorff spaces (although Γ may not be Hausdorff). When we are dealing with several spaces X, Y and Z, their extensions will always be taken in a single nonstandard model *M. That is, we let M be the complete higher order structure on X U Y U Z and let *M be a higher order elementary extension of M ( [8] , [9] , [13] ). If K is the cardinality of the universe of Jί we will assume throughout that *M is at least κ + saturated ( [1] , [3] , [4], [5], [11] ). Thus we will assume GCH to insure that such an extension exists.
I. The iV-compact and S-compact topologies. Suppose throughout this section that X is a Hausdorff space and that Γ x (or Γ where confusion is unlikely) is the set of closed subsets of X. We topologize Γ as follows 
This completes the proof. The converse of Theorem 1.6 is also true as a consequence of the fact (Theorem 1.8) that the one-point compactification of X can be embedded in Γ with the point at infinity corresponding to the empty set. 
). Now, suppose y £ μ(x) then there is a standard open set 0 such that x E 0 and y£*Θ.
By Lemma 1.2 6 is open in Γ and e(x)EO but *e(y)fέO. Hence, *e(y) £ μ N (e(x)). Thus e(μ(x)) = μ N (e(x)).
(
Hence μ N (0) Π *e (X + )C A. Now suppose {y}£μ N (0). Hence there is an open set ϋQΓ s.t. 06(9 but {y} £ *<9. Let K = {x E X|{x} fέ 0}. Notice if x E *K then {*} £ *<9, so {x} £ m(0) and hence x must be near-standard. Now, if {st(x)}E € then {*} would also be in *G so {st (x)} £ 0 and St(jc) E K. Thus, we've shown for each x E *K 9 St(x) exists and is in K, so K is compact. Now y E *X, so y^ μ(°°) Hence A C μ N (0)Π e(X + ) which completes the proof.
COROLLARY. The following are equivalent
Proof. Immediate from 1.5,1.6 and 1.8 since X + is Hausdorff if and only if X is locally compact.
We would like to obtain a standard description of the compact topology on Γ. Lemmas 1.2 and 1.3 suggest a topology which is analogous to Vietoris topology. This approach is developed in the following pages. For locally compact spaces the two topologies are identical. However, for more general spaces they may be distinct (see Example 1.16 One of the basic lemmas in Nonstandard Topology is that if X is a topological space, x E X and μ(x) its monad then there is a *open set U such that *JC E U C μ(x). For the ΛΓ-compact topology we have been working primarily with the premonad m (F) rather than the actual monad μ N (F) of F in the N-compact topology. It is not true that for this premonad there is always a *open set U in the N-compact topology such that *FE UCm(F).
However, when X is locally compact m(F) = μ N (F) and such a U can always be found. In particular the following lemma shows such a U can be found in *S8.
LEMMA. Suppose X is locally compact and F E Γ. Then there is a set UE *S$ such that F E U Cm(F).
Proofs (i) For each x f£ F let W x be in an open set such that x E W x , W x is compact and W x Π F = 0. By a straightforward enlargements argument there is *compact set K such that KΠF = 0 and for each x£F 9 
It is straightforward to verify that *FE UCm(F).
COROLLARY. Suppose X is locally compact. Then Sft is a basis for the N-compact topology on Γ. Hence, the S-compact topology and N-compact topology are identical.
Proof. Immediate from Lemma 1.11. Example 1.16 will show that the S-compact and N-compact topologies may be distinct when X is not locally compact. In view of this fact if FEΓ we denote its monad in the S-compact topology by μ s (F) . Notice, μ N (F)Cμ s (F) .
In order to obtain a characterization of μ s (F) we need a definition. *x. 1.13 . DEFINITION. Suppose X is a topological space and x E x is said to be a far point provided for every standard compact subset K of X, x £ *K Let FAR(X) = {x G *X|x is far}, when X is locally compact, the far points of *X are precisely the nonnearstandard points.
1.14. PROPOSITION and F f Em(F) then Jf'UF'G m(HUF). However, although this provides some evidence for the continuity of w, it is not by itself sufficient to prove u is continuous.
FRANK WATTENBERG
The following example shows that the JV-compact and 5-compact topologies are distinct.
1.16. EXAMPLE. We first state carefully two facts necessary for this example.
(i) If A C Γ then A is closed in the N-compact topology if and only if for each F E *A, St (F)E A. This equivalence is an immediate consequence of Definition I.I.
ii) If A C Γ then A is closed in the 5-compact topology if and only if for each F E *Λ and each H E Γ, F E μ s (H) implies H E A. Notice that since Γ is not Hausdorff there may be many H E A such that F E μ s (H).
This equivalence is an immediate consequence of Definition 1.10. Now let Q denote the rationals and let G denote the set of closed subgroups of Q. We claim G is closed in the N-compact topology but not in the 5-compact topology. The first assertion was proved by Narens in [12] by means of (i) above and the observation that if F is a *closed *subgroup of a topological group then so is St(F). We proceed to the second assertion.
By a straightforward enlargement argument there is an a E *Q such that (i) αEμ(l) (ii) For each standard integer n naE FAR(Q).
Now let H = {na | n E *Z}, where Z denotes the set of integers. H is clearly a closed subgroup of *Q. By Proposition 1.14 H E μ s ({l}). But {1} is not a subgroup of Q. This completes the proof.
Although the N-compact and S -compact topologies on Γ have some very nice properties they also lack some desirable properties. In particular certain constructions on Γ which one might like to be continuous are not continuous with these topologies. We close this section with several such examples before going on to discuss other topologies on Γ in the remainder of this paper.
L17. EXAMPLES, (i) Suppose /: X-> Y is a continuous map. / induces a map /: Γ x -*Γ y defined by f(A) = f(A).
One might desire that / be continuous. However, this need not be so. In particular, if / were continuous this would imply that / had a continuous extension to (ii) Suppose again that /: X-> Y is continuous. / induces a map f:Γ γ^> Γχ defined by f{A) = f~\A). Again one might hope that / would be continuous. However, this need not be so. In particular if / is a bijection then the continuity of / would imply / is a homeomorphism which is, in general, false.
(iii) Let X = R and define /: Γ-^Γ by f is not continuous since if a is any negative infinite nonstandard real {a} E μ N (0) but f({a}) = [a, °°) j Zl μ s (0) = μ s (f(0)).
II. The Vietoris topology.
Some of the difficulties noted at the end of §1 result from the fact that knowing H 6Ξ μ N (F) gives us little or no information about the non-nearstandard points in H and *K In order to obtain a topology on Γ which takes these points into consideration we need a notion of monads for points which are not nearstandard. One such notion is the coarse "monad system" defined in [14] and [15] . We suppose throughout this section that X is a T x space. , V n ) and // E c(F). For each yGH there is an x E *F such that y E C(JC). Since F is closed and F Qϋ c{x) C *0. Hence H C *σ. Since F E ((7, V l5 , V n ) there is an x E F Π V, for each i. Since {JC} is closed c(x) C * Vi and since H ~ F there is a y Eiίnc(jc). Hence i/Π*V,^0. Thus HC* (O, V l9 , V rt >. (ii) Suppose H£c{F).
There are two possibilities. (a) For some x G*F there is no y EH such that y E c(x). Hence, by a straightforward saturation argument there is a standard open U and closed T with JC E *TC *[/ and *U ΠH = 0. But then F e (X, C7) and H^ *<X, (7).
(b) For some y EH there is no JC E *F such that JC E c(y). Hence by a straightforward saturation argument there is a standard open U and closed Γ with y E * Γ C * U and t/ ΓΊ F = 0. But then FE(X\Γ) and fJ£*<X\Γ>.
Thus, in either case H£c(F) implies H£ monad of F in the Vietoris topology, completing the proof.
Notice, that the mapping X->Γ defined by x->{JC} is a homeomorphism into using the Vietoris topology but e: X + ->Γ is not even continuous (unless X is compact) since 0 is an isolated point of Γ with the Vietoris topology. In addition it is clear that the mapping w.TxΓ^Γ defined by u (F, H) = F U H is continuous with the Vietoris topology.
With the Vietoris topology the mapping / defined in Example 1.17 will be continuous if the range is normal. To see this we first observe that Definition II.3 can be extended to the full *power set of X, denoted *P(X). A there is a b E B such that a E c(b) and for  each b E B there is an a E A such that aE c(b) .
II.5. DEFINITION. Suppose A, BE *P(X). We say A ~ B whenever for each a E

II.6. LEMMA. Suppose A E *P(X) and A is the *closure of A then A ? A.
Proof. Since A C A we need only show that for each x E A there is an a EA such that a E c(x). Suppose x E *FC *U. F standard closed and U standard open. Since *U is *open and JCEA, A Π . Hence, by a straightforward saturation argument AD
PROPOSITION. Suppose f: X-> Y is continuous, Y is normal and f: Γ x -» Γ γ is defined by f(F) = f(F). Then f is continuous in the Vietoris topology.
Proof. Since Y is normal it is easy to see using Proposition II.2 (iv) that r is transitive on *P(Y). From Proposition II. 2 (v) it is clear that
by the preceding Lemma and, hence by transitivity
f(F)~?f(H).
Although the coarse monad system imposes some control on the non-nearstandard points of X, this is not a very natural monad system, and, in fact, the coarse monads are much too large. As one result the Vietoris Topology has the following interesting property.
MONOTONE LIMIT
is an ascending sequence in Γ. Let F = U F k . Then in the Vietoris topology
From our point of view some insight into this theorem can be obtained from the following example. II.9. EXAMPLE. Suppose x E *R is an infinite positive nonstandard real and A is a standard set with x E *A. Then c(x)Π *A contains arbitrarily small and large infinite numbers i.e. for each infinite positive yE*R, c(x)Π*AΠ(O,y)^0 and φ)n*AΠ(-y,«)^0. The proof of this is a straightforward saturation argument.
In the next section we consider a monad system on X which gives more control over the non-nearstandard points. 111.3. DEFINITION. Suppose H, F E *Γ we say H~ F whenever for every x E H, μ(x) Π F/ 0 and for every y E F, μ(y) Π H^ 0. In view of Proposition III.2 ~ is an equivalence relation. For each FE*Γ, μ (F) is given by μ (F) = {H E *Γ | //-F}. The topology defined by the /I monads is called the fine topology on Γ.
We can obtain a standard characterization of the fine topology in the obvious way. (ii) Suppose FEΓ, and Hgμ(F). We must find an 0, °U such that FE<0,<tt> but H£*<σ,%>.
(a) Suppose for some Jt G *F, μ,(jc)Π // = 0. Then by a straightforward saturation argument there is a locally finite collection of pairs °U = {(U a , F a )} aGJ containing a pair (U β , F β ) G *°U such that x G F β and [/^n// = 0. Let y = {U a \FΠ U a^0 }.
Then FE(X,V) but H£ (X,V) since t/ β E *y. (b) Suppose for some y£ίί,jLi(y)nF = 0. By a straightforward enlargement argument there is a locally finite collection of pairs °U = {(l/ α ,F α )} αej , such that for some β, y G F β but J7 β Π*F = 0. Let T= U αe^Fα nF=0F α . Since % is locally finite, T is closed. But FE (X\Γ,0) andHjί*<X\Γ,0>.
This completes the proof. Proof. Entirely analogous to that of Proposition II.7.
Notice that as with the Vietoris topology the mapping *->{*} is a homeomorphism into of X into Γ but e: X + ->Γ is not (unless X is compact) since 0 is an isolated point of Γ. In addition the mapping u: Γ x Γ -> Γ given by u (F, H) = F U // is easily seen to be continuous in the fine topology. It is easy to see that the Monotone Limit Theorem is false in the fine topology. In fact a counterexample is provided by the sequence F n = [-n, n] of subsets of R.
In general, the compact topology is coarser than the Vietoris topology which in turn is coarser than the fine topology. Of course, when X is compact all three topologies are identical.
For metric spaces the Hausdorff metric provides a very natural topology on Γ. One difficulty with this topology, however, is that it dependes in an essential way on the metric on X. Recall the definition of the Hausdorff metric.
111.7. DEFINITION. Suppose X is a metric space with metric d.
Notice for y e H, *δ(x α ,y)^l so *p δ (*F,H)^ 1. Therefore, we need only verify that δ is a metric on X. But this is a straightforward verification after noticing that for given x and y there are neighborhoods U of x and V of y in which only finitely many σ α 's are nonzero and, thus, max α \σ a (x)-σ a (y)\ is continuous.
In view of Theorem III.8 the fine topology may be regarded in some sense as the analog of the Hausdorff metric in the topological category.
